We propose a noise adaptive Kalman filter for joint polarization tracking and channel equalization using cascaded covariance matching. With the process noise covariance (Q) and the measurement noise covariance (R) estimated in a cascaded manner, the proposed Kalman filter scheme can be implemented in adaptive mode. The experimental results demonstrate that in wide range of OSNR and polarization rotation, the scheme can adaptively configure noise covariance parameters and consequently can achieve optimal performance even in long transmission cases. Besides, the scheme is more robust against the initial errors in Q and R compared to nonadaptive filter and R/Q-adaptive algorithms with the allowable initial values of Q and R within 6 and 9 magnitudes, respectively.
Introduction
Digital signal processing (DSP) has become a key technology for signal recovery and channel equalization in coherent optical communication systems. Meanwhile, by encoding information on both of two polarization states in polarization division multiplexing (PDM) systems, the channel capacity can be doubled. Considering random birefringence effect along fiber the polarization state fluctuates with time. Laboratory experiments have demonstrated that the polarization rotation frequency can reach a few hundred krad/s under extreme conditions [1] . Therefore, fast and reliable polarization tracking algorithms are necessary to separate two states of polarization for PDM signals. Although the traditional polarization tracking algorithm has low complexity, such as CMA [2] , RDE [3] and CMMA [4] , they cannot effectively track rapid polarization fluctuation. Kalman filtering algorithms are widely used in various communication systems because of its excellent tracking ability. Recently, the Kalman filter has been applied in parameter estimation in coherent optical communication systems, such as polarization tracking [5] , [6] , frequency offset compensation [7] - [9] and phase noise compensation [10] . Considering polarization multiplexing signals impaired by multiple channel impairments, such as polarization mode dispersion (PMD), polarization dependent loss (PDL), residual dispersion and limited bandwidth, joint polarization tracking and channel equalization need to be implemented simultaneously. A joint tracking and equalization scheme for multi-polarization effects has been proposed [11] . However, the scheme can not deal with the other typical impairments induced by residual dispersion and limited bandwidth. Recently, our group has also proposed a Kalman filter based scheme for joint polarization tracking and channel equalization algorithm [12] . The experimental results show that the scheme can successfully track polarization state and mitigate PMD and several typical linear impairments. In the scheme the noise covariance parameters need to be configured manually according to the specific signal or link conditions. Considering flexible transceivers and switched fiber path in future network, it is very desirable to have noise adaptive Kalman filtering for dealing with dynamic optical signals.
The classical noise adaptive Kalman filtering approaches can be divided into four categories: Bayesian, maximum likelihood, correlation and covariance matching method [13] . Among them, Bayesian method is considered as the most accurate method and the other approaches can often be interpreted as approximations to the Bayesian approach, but it is difficult to be implemented in practical applications due to high complexity [14] . Covariance matching algorithm has low complexity and is considered to be a promising adaptive method for practical implementation. The basic idea of covariance matching is to make the innovation or the residual consistent with their theoretical covariances. According to the targets to be estimated adaptively, it can be divided into Q adaptive [15] , R adaptive [16] and Q and R adaptive method [17] . According to the objects to be matched, it can be divided into the innovation based method and the residual based method [18] . In fact, Q and R have different effects on algorithms. It is difficult to determine which one of these two parameters should be adjusted. Besides, the covariance mismatch is often caused by the mismatch of both Q and R. Therefore, both Q and R should be taken into account at the same time in the covariance matching method. Various noise adaptive algorithms are proposed to adjust Q and R simultaneously. Since Q and R rely on each other according to covariance matching equations, these algorithms have unstable performance when Q or R is not set unreasonably [19] . In some adaptive Kalman filtering algorithms, the estimated noise covariance is derived by subtraction and may not be positive definite, which will increase the instability of the system [20] .
In this paper we propose a noise adaptive Kalman filter scheme for joint polarization tracking and channel equalization using cascaded covariance matching. The scheme is based on the combination of the proposed cascaded noise adaptive method and our previously proposed radiusdirected linear Kalman filter (RD-LKF) scheme and will be called as cascaded noise adaptive RD-LFK in the following. During each iteration of the Kalman filter, R is estimated by using the residual based covariance matching and then Q is estimated by using the innovation based covariance matching. The interference between Q and R is effectively mitigated by this cascade matching method. In addition, the positive definiteness of Q and R is ensured by formula transformations, which increases the stability of the proposed algorithm.
The remainder of the paper is organized as follows: the principles of RD-LKF, Q/R adaptive RD-LKF and cascaded noise adaptive RD-LFK are presented in Section 2; Section 3 shows our experimental setup and parameter configuration. In Section 4, the experimental results are discussed. Section 5 presents the conclusion of the paper.
Principle

Joint Polarization Tracking and Channel Equalization Based on RD-LKF
The principle of joint polarization tracking and channel equalization can be expressed as: where Z out (n) represents the Kalman filtered signal, Z T (n) represents the transmitted signal, φ(n) represents the frequency offset, θ(n) represents the phase noise, W (n) represents the tap coefficient vector of butterfly finite impulse response (FIR) filter, Z i n (n) represents the received signal, J (n) −1 represents the inverse Jones matrix, ξ(n) represents the additive white Gaussian noise. The subscript ' x/ y ' represents the x/y polarization state. The inverse Jones matrix is composed of the taps of the butterfly FIR filter. The objective of the algorithm is to find the optimal inverse Jones matrix and using the matrix to make the filtered signal converge to the normal circles formed by the rotation of ideal constellation. In order to achieve this goal, the taps of the butterfly FIR filter are iteratively updated by using RD-LKF, as shown in Fig. 1 .
The detailed mathematical equations of RD-LKF are represented as follows:
where S(n) represents the state vector, H (n) represents the measurement matrix, w(n) represents the process noise, v(n) represents the measurement noise, P (n) represents the error covariance of state, Q (n) represents the process noise covariance, dz p (n) represents the innovation vector, C i (n) represents the covariance of innovation, R (n) represents measurement noise covariance, K (n) represents the Kalman gain, Z c (n) represents the rotated standard signal which is rotated to same phase as filtered signal. The superscript ' P ' represents the predicted value and the superscript ' c ' represents the corrected value. Equation (2) is the process equation. Equation (3) is the measurement equation. Both process noise covariance Q (n) and measurement noise covariance R (n) have great influence on the performance of algorithm. However, the exact knowledge of the noise statistics is difficult to obtain in many practical situations. More often, Q and R are used as tuning parameters [21] .
R Adaptive RD-LKF
The residual based covariance matching scheme is used to adapt measurement noise covariance matrix R. This approach can ensure R is a positive definite matrix. The residual can be expressed as:
Substituting (9) into (11) results in
The covariance of residual can be expressed as [22] :
The covariance of innovation can be expressed as [23] :
Equation (10) can be derived as:
Substituting (14) and (15) into (13) results in
Therefore
Considering the independence of noise, only the diagonal elements of noise covariance matrix are useful for noise adaption. Therefore, a scale factor λ R (n) is introduced by the following equation [24] :
Finally, the sliding window is used instead of a forgetting factor α R in order to reduce the computation [25] .
Equation (17) can be rewrite as:
Q Adaptive RD-LKF
The innovation based covariance matching scheme is used to adapt process noise covariance matrix Q. From (2) and (9), it can be concluded that:
The process noise covariance matrix Q can be expressed as:
Obviously, Q is also a positive definite matrix in our scheme. Besides, the scale factor λ Q (n) and forgetting factor α Q are introduced same as the method found in the previous section.
Cascaded Noise Adaptive RD-LFK
Substituting (5) and (7) into (8) results in:
In Kalman update, Kalman gain K can be equivalent to the step-size parameter. The larger the K is, the better the tracking capacity and the larger the residual error can be obtained. On the contrary, the smaller the K is, the lower tracking capacity and the smaller the residual error can be obtained. From (27), we can conclude that K is proportion to Q and inversely proportion to R. We can obtain the ideal Kalman gain by adjusting Q and R. Therefore, Q and R are often used as tuning parameters of algorithm. Although the theoretical covariance can be match with the expected value by adjusting Q or R, the two kinds of adaptive method have opposite effects on the Kalman update. For example, the channel impairments make the expectation of the noise covariance larger than its theoretical value. Then Q or R will be increased in accordance with the covariance matching principle. However, increasing Q will increase the Kalman gain, while increasing R will reduce the Kalman gain. If the R is adjusted when the Q should be adjusted, then the Kalman gain will be adjusted in the opposite direction.
We propose a noise adaptive Kalman filter based on cascaded covariance matching to update both Q and R. The Kalman update of the proposed algorithm is consisted of two cascaded steps including R adaptation and Q adaptation, as shown in Fig. 2 . S(0), P (0), Q (0), R (0) represent initial value of parameters. The subscript ' 1 ' represents the R adaptation and the subscript ' 2 ' represents the Q adaptation. In each Kalman update, the residual based covariance matching scheme is used to adapt R firstly. The corrected value and the adapted R is further used in the innovation based covariance matching scheme to adapt Q. In PDM system, the values of Q and R may differ by several orders of magnitude. Therefore, simultaneous adaptive scheme for the R and Q adaptations may not converge or even converge to the error state. By using the cascaded structure, the proposed scheme mitigates the interference between Q and R. At the same time, the proposed scheme preserves the ability of adapting both Q and R. It is also noteworthy that λ R (n)/λ Q (n) can be replaced by λ R (n)/ λ Q (n) to contribute a smoothing effect. 
Experimental Setup
The proposed cascaded noise adaptive RD-LKF is experimentally verified in 112 Gb/s PDM-16 QAM coherent optical communication system, as shown in Fig. 3 . In the transmitter side, 14 Gbaud four-level electrical signals from arbitrary waveform generator (AWG) (Keysight M8195a) are used to drive an optical I/Q modulator (Fujitsu FTM7961EX) for optical generation of 16 QAM signals. The PDM signal is obtained by splitter-delay-combiner scheme. In the optical link, either back-toback (BTB) mode or long-distance transmission mode is selected. In the BTB mode, the adjustable amplified spontaneous emission (ASE) noise and the generated 16 QAM signal are combined together. In the long-distance transmission mode, the recirculating loop system (BRIMROSE) is used to implement long-distance transmission. In the receiver, the electrical signals after coherent detection are sampled by a real-time oscilloscope at 50 GSample/s. In the DSP modules, the low pass filter is used firstly to mitigate out-band noise. The back-propagation algorithm is used to compensate fiber link dispersion. The square timing recovery is used for the time recovery. The proposed cascaded noise adaptive RD-LKF is employed for joint polarization tracking and channel equalization. The Max fast Fourier transform (Max-FFT) is used to estimate frequency offset. The blind phase search (BPS) is used to compensate laser phase noise. The first 3000 symbols are employed in the CMA based pre-convergence to provide the initial state vector to the following noise adaptive RD-LKF. The endless polarization rotation is digitally achieved after the time recovery by a polarization rotation matrix M.
where w represents polarization rotation angular frequency, T s represents the sampling period. The tap is set to 13 in RD-LKF, Q adaptive RD-LKF, R adaptive RD-LKF and cascaded noise adaptive RD-LKF. α R is set to 0.98. α Q is set to 0.995. For convenience, Q (0) can be expressed as qI 13×13 and R (0) can be expressed as r I 2×2 .
Experimental Results
Firstly, we investigate the convergence performance of the estimated noise parameters of the proposed algorithm in the BTB mode. The OSNR is set to 19 dB and w is set to 1000 krad/s. With the q and r range of [10 −8 10 −3 ] and [10 −4 1], the optimal parameters q = 10 −6 and r = 10 −2 is found as the reference for comparing the estimation results by cascaded noise adaptive Kalman algorithm. The proposed algorithm is tested under different initial noise parameters. As we can see from Fig. 4 , the trace of Q and R is estimated by the proposed algorithm are very close to the trace of the optimal values. Therefore, the proposed algorithm is capable of estimating noise parameters adaptively regardless of the initial values.
Secondly, we discuss the tolerance of initial noise parameters for Q adaptive RD-LKF, R adaptive RD-LKF and cascaded noise adaptive RD-LKF in the BTB mode. The algorithms are tested under different OSNR at w = 10 5 rad/ s, as shown in Fig. 5 . For Q adaptive RD-LKF, it can work only when r is close to 10 −2 . The tolerance of Q becomes weaker with the decrease of OSNR. It can not even work at OSNR = 16 dB. The reason is that the Q adaptive RD-LKF tends to increase Q when OSNR decrease. As a result, the estimated Q of the Q adaptive RD-LKF is larger than the correct Q at low OSNR. For R adaptive RD-LKF and cascaded noise adaptive RD-LKF, the tolerance against noise parameters has no obvious variation with the OSNR range of only one of Q and R should set another parameter manually within a small reasonable range. The cause of this phenomenon is that both Q and R affect the covariance matching equations. If either one of Q and R is not set properly, the performance of algorithm will degrade. Obviously, within wide range of OSNR and polarization rotation frequency, the cascaded noise adaptive RD-LKF has better tolerance of initial noise parameters. In summary, the cascaded noise adaptive RD-LKF has the tolerance of the initial values of R and Q within 6 magnitudes and 9 magnitudes, respectively.
Finally, the proposed algorithm is applied in the long-distance transmission mode to verify its applicability for the signal impaired by transmission, as shown in Fig. 7 . When the impairment occurs, the Q adaptive RD-LKF tends to increase the Kalman gain and the R adaptive RD-LKF tends to decrease the Kalman gain. It is unwise to increase or decrease Kalman gain blindly. However, the cascaded adaptive RD-LKF makes an eclectic choice. As a result, the proposed scheme is more robust against the initial errors in Q and R than non-adaptive RD-LKF and R/Q-adaptive RD-LKF.
Conclusion
We proposed and experimentally demonstrated a noise adaptive Kalman filter scheme for achieving joint polarization tracking and channel equalization simultaneously. The scheme employs cascaded covariance matching method to configure the noise parameters of Q and R adaptively. As a result, our proposed scheme can work adaptively for wide range of OSNR and polarization rotation. The BTB experiment results have shown that the proposed Kalman scheme is insensitive to initial values of the process noise and measurement noise within 6 and 9 magnitudes, respectively. This obtained range of the initial noise parameter is obviously larger than that in R/Q-adaptive filter. The cascaded covariance matching method can estimate the noise covariance accurately within wide OSNR range from 16 to 22 dB and with the maximum polarization rotation up to 5 × 10 6 rad/ s. In long-distance transmission experiment our proposed scheme was also proved to have better tolerance against the initial errors in Q and R compared with non-adaptive filter or R/Q-adaptive filter. Our proposed scheme has the advantage of adaptively configuring tuning parameters and can achieve stable and robust performance without manual adjustment of the filter parameters under dynamic fiber link conditions.
